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Introduction
In the theory of option pricing, an increased interest in the study of processes which are increasing in the convex order has been observed. This renewed interest originated from the study of certain exotic derivatives, Asian options, and the question about the extent to which their prices depend in a monotonic way on parameters such as time to maturity and volatility, see Carr, Ewald and Xiao (2008) as well as Hirsch et al. (2011) . Much earlier, in the late 1960's and 1970's, Strassen (1965) , Doob (1968) and Kellerer (1972) obtained key results which characterized such processes as having the same marginals as a martingale. The power of these results now seems to become more and more evident in the context of exotic options pricing.
Definition 1.
A stochastic process (X t ) is called increasing in convex order, or peacock, if and only if E(|X t |) < ∞ for all t and for every convex function f (·) and 0 ≤ s ≤ t such that both E(f (X s )) and E(f (X t )) are finite we have E(f (X s )) ≤ E(f (X t )).
(
The name peacock is derived from the French expression for increasing in convex order -Processus Croissant pour l'Ordre Convexe, in short PCOCwhich is a homophone of the word peacock, see Hirsch et al. (2011) . Anecdotal motivation for this name also comes from the fact that the peacock is an Asian bird and the prime example, sometimes also referred to as the guiding peacock, is that of the underlying of an Asian option.
Definition 2. The stochastic process (X t ) is said to have the marginals of a martingale, if and only if there exists a martingale (M t ), such that for each t ≥ 0 X t ∼ M t (equal in distribution).
Strassen (1965) showed that a discrete time R d -valued stochastic processes is a peacock if and only if it has the marginals of a martingale. Doob 2 (1968) proved that a similar result holds for the case of continuous time stochastic processes in a compact metrizable space. Kellerer (1972) then showed that for R-valued processes the martingale can in fact be chosen to be a Markov process. Recent contributions to the peacock literature include, next to the extensive work of Hirsch et al (2011) , the articles by Bogso (2015 Bogso ( , 2016 , as well as Ewald and Yor (2015) who discuss applications in the economics of inequality. Further recent applications of peacocks involve Skorohod embeddings, see Källblad et al. (2015) and optimal transport under marginal constraints, see Beiglböck and Juillet (2016) .
In this paper, we extend the class of peacocks by restricting the function f (·) in Definition 1 to be monotonic of one type, w.l.o.g. monotonic increasing. This case is often observed in Finance and Economics. As we show, a number of results from the peacock literature can in fact be generalized to this larger class, to which we will refer to as lyrebirds. Lyrebirds will be formally introduced in the next section. In section three, we will show how the Brownian sheet method developed in Baker and Yor (2009) can be generalized to the cases of Asian and Australian options in the Black-Scholes model, where the underlying is allowed to have a drift. This result is the most general of this nature in the context of Asian and Australian options in the Black-Scholes model. We then use the same method in section 4 to show that the average of an exponential Brownian bridge is a lyrebird. This entirely new result has applications in bond and currency options. In section 5, we adopt the previous methodology of Hirsch et al. (2011) to show that a class of functionals involving time averages of sub-martingales are lyrebirds. This provides us with the most general framework for Asian options. Using time reversal techniques, we are able to conclude that under appropriate coefficient conditions the Australian underlying in a Merton type jump diffusion model is a lyrebird. In conclusion, the non-discounted price of an Australian option in this model is increasing with maturity length, which is another important result. Section 6 contains a summary of the main results.
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Some technical computations are included in an appendix.
Lyrebirds and Sub-Martingales
The use of all convex functions 1 in Definition 1 restricts the stochastic process (X t ) to have constant expectations. This is often too restrictive for applications. Much of the Finance and Economics literature for example has at its core a potential trade-off between expectation and riskiness. As we demonstrate in the following, a number of stochastic processes occurring naturally in the context of option pricing as well as in econometric applications do not meet the strong peacock condition, but can be considered in a slightly more generalized framework which we refer to as lyrebirds.
for all s ≤ t and increasing convex functions h(·).
The name lyrebird takes its motivation from the following two anecdotes. As much as the guiding peacock is the underlying of an Asian option, the underlying of an Australian option, discussed in more detail in section 3, represents perhaps the most prominent example of a lyrebird. Lyrebirds are native to Australia and while not genetically related to peacocks they are often referred to as peacock-wrens.
2
In a similar way as peacocks, lyrebirds can be characterized by their marginals too. The following adaptation of the result of Kellerer (1972) holds. Proposition 1. The process (X t ) is a lyrebird, if and only if (X t ) has the marginals of a sub-martingale.
Proof. Let us first assume that (X t ) has the marginals of a sub-martingale (M t ) and h(·) is an increasing convex function as in Definition 3. It then follows from the Jensen inequality that for s ≤ t
Here, we used in the second line that E(M t |F s ) ≥ M s and that h(·) is increasing.
The reverse implication follows more or less directly from Kellerer's (1972) proof. To see this, note that the class of functions used by Kellerer (1972) , i.e., convex functions which are of limiting behavior O(max(x, 0) + 1) for x → ±∞, slightly differs from the class of functions we use. However in his proof Kellerer (1972) shows that it is sufficient to restrict attention to increasing convex functions of type h(x) = max(x, a) for all a ∈ R, which covers our case.
It follows in fact from Kellerer's work that the sub-martingale in Proposition 1 can be chosen to be Markov.
Asian and Australian Options
It is well known that in the classical Black-Scholes option pricing model, where the risky asset is assumed to follow the geometric Brownian motion
the price of a European call option increases with both the volatility and time to maturity. However it was unknown until recently, whether prices of options traded on the average price of such an asset, so called Asian options, would be increasing in volatility and/or maturity. Carr, Ewald and Xiao (2008) were the first to prove that the price of an Asian option is indeed increasing in the volatility of the asset price and if µ = 0, the same is true with respect to time to maturity. A direct consequence of this is that under the assumption of µ = 0 the process
is a peacock. Carr, Ewald and Xiao (2008) The case µ = 0 has somehow been discarded so far. In this case, it is obvious that (X t ) cannot have the marginals of a martingale, as its expectation is not constant. However, as we will show, in the case of µ > 0, the process (X t ) is in fact a lyrebird and hence increasing in convex order for increasing convex functions.
Australian options are related to Asian options in the way that an average of the asset price (S t ) is considered for the payoff, but in difference to Asian options, the quotient of the average and the asset price at maturity then determines the payoff, i.e., A Wiener sheet is a centered Gaussian process (W s,t ), parametrized by two arguments s, t ∈ [0, ∞) with the property that
We denote with (F s,t ) the filtration generated by the Wiener sheet (W s,t ). It is not difficult to show that with (W ν,t ) the process W ν,t defined via
is also a Wiener sheet and as such has the same distribution in the sense of a two parameter stochastic process. This will be useful to unify the argument for the Asian and Australian case. It follows that for all t ∈ [0, ∞) fixed
have the same law as stochastic processes in ν ∈ [0, ∞), where (B t ) denotes the Brownian motion from equation (4) . Equation (9) presents the main idea of the Wiener sheet method, through which time averaging over an extending horizon (left hand side) is transformed into averaging over the first parameter of a Wiener sheet with fixed horizon (right hand side). In fact equation (9) implies that for general µ and σ
Here we used (9) and the fact that W ν,t is a Wiener sheet in the second and third line as well as that W 0,t = 0. The expression in the last line now is of the same form as the expression obtained in Baker and Yor (2009) for Asian options, with the difference that the exponent appears with a negative sign.
We will now investigate under which conditions (M t ) defined in (10) is a sub-martingale or a super-martingale with respect to the filtration (F ∞,t ), with F ∞,t = σ (F s,t | s ≥ 0). This analysis is analogous to Baker and Yor (2009) . In fact we have
As W ν,t − W ν,s is independent of F ∞,s we have
where we used that −σ {W ν,t − W ν,s } is Gaussian with expectation zero and variance σ 2 ν(t − s). Hence we conclude from (11) that
with ρ(ν) := exp σ 2 − µ ν(t − s) .
As s ≤ t it can be readily observed from (12) and (13) that
This leads to the following proposition which characterizes the Australian case.
Proposition 2. Consider the Australian underlying (X t ) from (6). Then 1. if µ < σ 2 then (X t ) has the marginals of a sub-martingale and hence is a lyrebird 2. if µ > σ 2 then (X t ) has the marginals of a super-martingale 3. if µ = σ 2 then (X t ) has the marginals of a martingale and hence is a peacock.
In each case, a sub-/super-martingale with the same marginal distribution is explicitly given by (10).
Proof. This follows directly from the discussion above.
These results carry over to the case of Asian options. S u du in the BlackScholes model is a lyrebird. In the case of µ < 0 it has the same marginals as a super-martingale.
Proof. This follows from Proposition 2 taking account of the general relationship between Australian and Asian options, which has been detailed in Ewald, Menkens and Ting (2013).
3
Proposition 2 and Corollary 4 imply that the prices of the corresponding Australian and Asian options for µ ≤ σ 2 respectively µ ≥ 0 are increasing with maturity length, when the premium is paid at maturity, which means no-discounting (the option is of "pay later" type).
Brownian Bridges and Related Functionals
A standard Brownian bridge on the interval [0, 1] is a Gaussian process (X u ) such that for 0
which starts at u = 0 with value X 0 = 0 and ends at u = 1 with value X 1 = 0. In between, it behaves Brownian motion like, but constrained to the two boundary conditions. A standard Brownian bridge can be constructed as the unique solution of the following stochastic differential equation
with (B u ) a standard Brownian motion. Note the singularity at u = 1 in the drift term of this diffusion and that existence and uniqueness of a solution of this SDE do not follow from standard theorems. The theory developed for Brownian bridges has fundamental applications in econometrics as well as the economics of inequality. The reason for this is that a number of limiting distributions, including those corresponding to the order statistics or inequality measures such as the Gini-index, can be expressed in terms of functionals of Brownian bridges. It is rather obvious that the standard Brownian bridge is neither a peacock nor a lyrebird, as both X 0 ≡ 0 and X 1 ≡ 0 are deterministic, and hence any associated martingale or sub-martingale (M t ) would need to be deterministic on the whole interval [0, 1]. But then (X t ) would need to be deterministic, which it is not. However (X t ) is a peacock on the interval 0, 1 2 and then turns into something that could be called a backward peacock, i.e., a peacock after time inversion, on 
holds for all u ∈ Proof. We use the methodology based on the Wiener sheet in a similar fashion as in section 3. Let (W ν,t ) be a two parameter Wiener sheet as in (7) . Then, it follows from (9) in a similar fashion as in the derivation of (10) , that
Further, we have that for t ≥ s
This follows from the fact that W ν,t −W ν,s is independent of F ∞,s and Lemma A1 in the appendix. As ν ∈ [0, 1] and s ≤ t, we have that
which implies that
It follows from the proof above that for s < t the inequality in (18) is in fact strict and that (Z t ) is a strict lyrebird, i.e., not a peacock. In the framework of Ball and Torous (1983) , an option written on the underlying (16) corresponds to an Asian option on a bond and Proposition 3 implies that the price of such an option is increasing with length of maturity, if the premium is paid at maturity.
Averaging Sub-Martingales
In this section, we extend certain results obtained for martingales in Hirsch et al. (2011) to the case of sub-martingales, linking to the lyrebird framework. This will in principle lead to many more examples of lyrebirds.
Proposition 4. Let (M t ) be a right-continuous sub-martingale such that E sup 0≤s≤t |M s | < ∞ for all t > 0 and α : [0, ∞) → [0, ∞) be an increasing continuous function such that α(0) = 0. Further, let g(·) and h(·) be two increasing and convex functions. Then the processes (X t ) and (X t ) defined via
are lyrebirds.
Proof. The proof of these results is strongly linked to the proof of Theorem 1.4 on page 26 in Hirsch et al. (2011) . We only point out the differences in the following. First, note that as h(·) is increasing and convex, it follows from Jensen's inequality that
and hence that (h(M t )) is a sub-martingale as well. Therefore we can assume w.l.o.g. that h(x) is the identity function. Further, as the composition of any two convex and increasing functions is also convex and increasing, we can as well assume that g(·) is the identity function too. Now, in order to prove the first point, Hirsch et al. (2011) (in the context of peacocks) use partial integration to represent the process (X t ) as
with
α(s)dM s and obtain that
As (M t ) is no longer a martingale, the proof in Hirsch et al. (2011) now needs to be adjusted in the following way: Note that as the integral of a positive integrand with respect to a sub-martingale, M α t is also a sub-martingale. It then follows from (22) that
where we used in the second line that M α u is a sub-martingale and that
is deterministic and positive. Now note that in the light of section 2, in difference to Hirsch et al. (2011) , we only need to consider increasing convex functions ψ(x) (using the same notation as in Hirsch et al. (2011) ). This guarantees that
which allows us to complete the proof of the first point exactly as in Hirsch et al. (2011) . For the second point, the only relevant issues are that
and because we can restrict ourselves to increasing convex functions ψ(x) that
at which point the proof can be completed exactly in the same way as in < ∞ for all t, then the process
is a sub-martingale, hence a lyrebird.
Proof. It follows from the Cauchy-Schwartz inequality that E(|X t |) < ∞.
We have that
where we used E 
is a sub-martingale for a suitable filtration ←t F u 2. the distribution of ( ←t X u ) (as a stochastic process) is consistent in t, i.e.,
on the interval [0, min(s, t)].
Then the Australian process (Z t ) defined via Z t :=
Proof. Let ψ(·) be a convex and increasing function and s < t. Then
To infer the inequality in the second line, we used assumption 1 as well as Proposition 4. To infer the equality in the second line, we used assumption 2.
The following proposition demonstrates how Proposition 6 can be applied in practice. We consider the Merton (1976) model in which the asset prices follows a jump diffusion of the following type
with Y i ∼ N (α, δ 2 ) i.i.d. and (N t ) a Poisson process with intensity λ and α * = exp α + δ 2 2 − 1. The adjustment of the drift term is chosen in consistence with other literature, so as to make the discounted process exp(−µt)S t a martingale. As a consequence (S t ) is also a sub-martingale. 
then the Australian process which translates to condition (31). Further, the distribution of ( ←t X u ) as a stochastic process is time-consistent in t. Therefore, the result follows from Proposition 6.
Note that Proposition 7 provides an alternative proof of Proposition 2, part 1 by setting λ = 0, i.e., not permitting jumps. As indicated earlier, many other examples can be constructed from Lévy processes using a similar analysis as in the proof of Proposition 7, but involving more advanced methods from stochastic analysis.
Conclusions
We extended the class of peacock processes by restricting the class of functions for which an increase in the convex order is required, to increasing convex functions only. We showed that the resulting class of processes has relevance in many different contexts, and includes important examples of processes, which have been excluded from the peacock literature so far. Due to relationships with the case of an Australian options and the peacock frame-work, we named this new class of processes lyrebirds, in acknowledgment of the Australian bird, who shares many similarities to the Asian peacock. We expect that many of the results obtained in the peacock context, can be generalized to the lyrebird world. Our explicit results include Asian and Australian options in the Black-Scholes model with drift, the general arbitrage free case for the Asian variant and the Merton type jump diffusion case for the Australian variant, as well as the case of an Asian option on an exponential Brownian bridge, which is of relevance in the pricing of bond and currency options.
